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Orqj Uxq Lpsdfw ri Lqfuhdvhg Zdjh Suhvvxuh
Fodxv Wkxvwuxs Kdqvhq
Xqlyhuvlw| ri Frshqkdjhq dqg HSUX|
Mxqh 4<<;
Devwudfw
Dq xqdqwlflsdwhg shupdqhqw lqfuhdvh lq zdjh suhvvxuh lv dqdo|vhg
lq d g|qdplf jhqhudo htxloleulxp prgho frpelqlqj vwdqgdug wkhru|
ri fdslwdo dffxpxodwlrq dqg prqrsrolvwlf zdjh vhwwlqj1 Wkh orqj uxq
+vwhdg| vwdwh, lpsolfdwlrqv duh lghqwlfdo shufhqwdjh uhgxfwlrq lq hp0
sor|phqw/ frqvxpswlrq/ dqg fdslwdo vwrfn zkhuhdv zdjhv dqg wkh uhdo
lqwhuhvw udwh duh xqfkdqjhg1 Wkh uhgxfwlrq lq hpsor|phqw rq lpsdfw
lv odujhu wkdq wkh vwhdg| vwdwh uhgxfwlrq zkhuhdv zdjhv ulvh dqg wkh
uhdo lqwhuhvw udwh ghfolqhv rq lpsdfw1
MHO frgh= H53 ) M841
Nh|zrugv= Prqrsrolvwlf Zdjh Vhwwlqj/ Fdslwdo Dffxpxodwlrq1
￿ L olnh wr wkdqn Fkulvwldq Jurwk/ Oloo W1 Kdqvhq/ Ehuwlo Kropoxqg/ Eluwkh Oduvhq/
Oduv K1 Shghuvhq/ Pdwwl Srkmrod/ Ndwulqh E1 Srxovhq/ Wurhov ￿1 Vßuhqvhq/ Wruehq WudqØv/
dqg vhplqdu sduwlflsdqwv lq Ddukxv/ Frshqkdjhq/ dqg M|ydvn|od iru xvhixo frpphqwv dqg
glvfxvvlrqv1
| Wkh dfwlylwlhv ri HSUX +Hfrqrplf Srolf| Uhvhdufk Xqlw, duh ￿qdqfhg wkurxjk d
judqw iurp wkh Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq14 Lqwurgxfwlrq
Lqfuhdvhv lq zdjh suhvvxuh duh qrupdoo| dqdo|vhg lq vwdwlf jhqhudo htxloleulxp
iudphzrunv dowkrxjk wkh uhvxowv riwhq kdyh d g|qdplf lqwhusuhwdwlrq1 Wklv
sdshu wulhv wr foduli| zkhwkhu vxfk lqwhusuhwdwlrqv frqfhuqlqj htxloleulxp
zdjhv dqg hpsor|phqw duh fruuhfw e| pdnlqj d qdwxudo g|qdplf h{whqvlrq
ri wkhvh iudphzrunv1
Lq wkh vwdwlf dqdo|vhv/ lw lv frpprq wr looxvwudwh wkh pdfurhfrqrplf rxw0
frph lq d zdjh0sulfh0vhwwlqj gldjudp vlplodu wr Iljxuh 4 +h1j1/ Eodqfkdug )
Nl|rwdnl 4<;:/ Od|dug/ Qlfnhoo ) Mdfnpdq 4<<4 fk1 4 dqg ;/ ru Errwk 4<<8
fk1 ;,14 Wkh htxloleulxp lv ghwhuplqhg e| wkh lqwhuvhfwlrq ri dq xszdug0
vorslqj zdjh0vhwwlqj fxuyh +`7, dqg d grzqzdug vorslqj ru krul}rqwdo sulfh0
vhwwlqj fxuyh +7, lq d zdjh0hpsor|phqw gldjudp1 Wkh `7 fxuyh ghvfulehv
wkh djjuhjdwh zdjh0vhwwlqj ehkdylrxu ri xqlrqv dqg lv d pdun0xs rq wkh
oderxu vxsso| +u7, zkhuhdv wkh 7 fxuyh ghvfulehv wkh djjuhjdwh oderxu
ghpdqg ri upv15 Wkh frqvhtxhqfhv ri xqlrql}dwlrq ri wkh oderxu irufh duh
wkhq hlwkhu +d, dq lqfuhdvh lq zdjhv dqg d uhodwlyho| prghudwh uhgxfwlrq lq
hpsor|phqw +D wr E,l iw k h7 fxuyh vorshv grzqzdugv +7 @,r u+ e ,x q 0
fkdqjhg zdjhv dqg d odujh uhgxfwlrq lq hpsor|phqw +D wr F,l iw k h7fxuyh
lv krul}rqwdo +7K,16 Wkh vdph txdolwdwlyh uhvxowv dsso| wr d vkliw xszdugv
lq wkh `7 fxuyh ehfdxvh ri lqfuhdvhg zdjh suhvvxuh +l1h1/ pryhphqwv iurp
F wr hlwkhu G ru H,1 Wklv sdshu frqvlghuv wzr vwdqgdug uhdvrqv iru wklv> ohvv
hodvwlf oderxu ghpdqgv dqg kljkhu uhsodfhphqw udwlrv1
	 Iljxuh 4 :
4Wklv lv rqo| srvvleoh ehfdxvh ri v|pphwu| dvvxpswlrqv rq erwk vlghv ri wkh pdunhw1
5Lw lv fdoohg d sulfh vhwwlqj fxuyh dv lw ghshqgv rq wkh sulfh vhwwlqj ehkdylrxu lq wkh
rxwsxw pdunhw1 D kljk ghjuhh ri lpshuihfw frpshwlwlrq lq wkh rxwsxw pdunhw uhgxfhv wkh
oderxu ghpdqg dqg pryhv wkh fxuyh grzqzdugv1 Wkh lvvxh ri wklv sdshu lv lqghshqghqw
rq wkh ghjuhh ri lpshuihfw frpshwlwlrq lq wkh rxwsxw pdunhw1 Wkxv/ wr vlpsoli| pdwwhuv
wkh dqdo|vlv dvvxphv shuihfw frpshwlwlrq lq wkh rxwsxw pdunhw1 Lq wkdw uhvshfw lw lv d olwwoh
plvohdglqj wr qdph wkh fxuyh sulfh vhwwlqj1
6Lq erwk fdvhv/ wkh htxloleulxp lv Sduhwr lqrswlpdo gxh wr d *frruglqdwlrq idloxuh* dprqj
wkh xqlrqv1 H1j1/ ehfdxvh hdfk xqlrq grhv qrw wdnh lqwr frqvlghudwlrq wkdw d odujhu zdjh
fodlp lqfuhdvhv wkh sulfh ohyho zklfk uhgxfhv wkh uhdo zdjhv ri rwkhu xqlrqv1
5Wkh vorsh ri wkh 7 fxuyh lv ghwhuplqhg e| wkh surgxfwlrq ixqfwlrq
zklfk rqo| frqwdlqv oderxu lqsxw1 Wkh krul}rqwdo 7 fxuyh dulvhv zkhq wkh
surgxfwlrq ixqfwlrq lv olqhdu lq oderxu zkhuhdv wkh grzqzdug vorslqj 
fxuyh rffxuv zkhq wkhuh lv ghfuhdvlqj uhwxuqv wr oderxu17 Wkh h{foxvlrq ri
fdslwdo iurp wkh surgxfwlrq ixqfwlrq vlpsolhv wkh dqdo|vlv frqvlghudeo| e|
ohdylqj rxw fdslwdo dffxpxodwlrq dqg lqwhuwhpsrudo frqvlghudwlrqv ri djhqwv1
Krzhyhu/ lw pd| eh qdwxudo wr wklqn ri uhvxow +d, dv wkh vkruw uxq rxwfrph
fruuhvsrqglqj wr d {hg fdslwdo vwrfn/ dqg uhvxow +e,d vw k ho r q ju x qr x w f r p h
fruuhvsrqglqj wr dq hqgrjhqrxv fdslwdo vwrfn dqg d {hg pdujlqdo surgxfw
ri fdslwdo +vd|/ htxdo wr wkh udwh ri wlph suhihuhqfh ri frqvxphuv,18 Ru wr eh
pruh suhflvh/ wr lqwhusuhw uhvxow +d, dv wkh lpsdfw hhfw ri dq xqdqwlflsdwhg
shupdqhqw lqfuhdvh lq zdjh suhvvxuh dqg uhvxow +e, dv wkh vwhdg| vwdwh hhfw
lq d prgho zlwk fdslwdo dffxpxodwlrq1 Wklv sdshu hpehgv d vwdqgdug vwdwlf
jhqhudo htxloleulxp dqdo|vlv lqwr d Udpvh| prgho zlwk hqgrjhqrxv oderxu
vxsso| lq rughu wr h{soruh wklv lvvxh1 Wkh uhvxowv gr frqup wkh deryh dv0
vhuwlrq frqfhuqlqj zdjhv exw qrw frqfhuqlqj hpsor|phqw= Rq lpsdfw kljkhu
zdjh suhvvxuh lqfuhdvhv zdjhv dqg diwhuzdugv zdjhv frqyhujh edfn wr wkh
vdph vwhdg| vwdwh ohyho exw wkh lpsdfw uhgxfwlrq rq hpsor|phqw lv odujhu
wkdq wkh vwhdg| vwdwh uhgxfwlrq19 Wkxv/ hpsor|phqw ryhuvkrrwv wkh qhz
shupdqhqw ohyho1 Wr xqghuvwdqg wklv/ lw lv qhfhvvdu| wr orrn dw wkh pdfurh0
frqrplf lpsolfdwlrqv1
Wkhuh duh pdq| zd|v ri prghoolqj wkh lqwhudfwlrq ehwzhhq xqlrqv dqg
lqyhvwphqw lq fdslwdo htxlsphqw hyhq lq sduwldo vwdwlf prghov1 Wkh slrqhhulqj
sdshu rq wkh wrslf +Jurxw 4<;7, vkrzv wkdw xqlrqv ghfuhdvh up lqyhvwphqwv
ehfdxvh ri wkh vr0fdoohg *krog0xs* sureohp> l1h1/ wkh lqfhqwlyh wr pdnh dq
luuhyhuvleoh lqyhvwphqw lv orz lq d up zlwk rujdql}hg zrunhuv ehfdxvh wkh
7Lw lv suhvxphg wkdw doo djhqwv kdyh fruuhfw h{shfwdwlrqv1 Lw lv dovr srvvleoh wr kdyh d
grzqzdug vorslqj SV fxuyh zlwk frqvwdqw uhwxuqv li wkh h{shfwdwlrqv ri wkh djhqwv duh qrw
ixo￿oohg +vhh Od|dug hw1do1 4<<4,1
8Od|dug hw1do1 +4<<4, grhv lq idfw pdnh vxfk lqwhusuhwdwlrq rq s1 43:1
9Wkh sdshu dqdo|vhv lqfuhdvhg zdjh suhvvxuh lq d forvhg hfrqrp|1 Lq d vpdoo rshq
hfrqrp| zlwk iuhh fdslwdo pryhphqwv dqg qr fdslwdo dgmxvwphqw frvwv wkh hfrqrp| zrxog
mxps gluhfwo| iurp D wr F lq Iljxuh 4> wkh zdjh dw wkh pdfur ohyho zrxog eh ghwhuplqhg
xqltxho| e| wkh h{rjhqrxv lqwhuqdwlrqdo uhdo lqwhuhvw udwh1
6up nqrzv wkdw wkh xqlrq lqfuhdvhv wkh zdjh0fodlp diwhu wkh lqyhvwphqw
lv pdgh1: L devwudfw iurp wklv hhfw e| dvvxplqj wkdw fdslwdo jrrgv duh
shuihfwo| preloh ehwzhhq lqgxvwu| vhfwruv dqg e| dvvxplqj wkdw krxvhkrogv
fdq frqyhuw fdslwdo jrrgv lqwr frqvxpswlrq jrrgv dw qr frvwv1 Wkxv/ wkh
lqfrusrudwlrq ri fdslwdo grhv qrw dgg dq| qhz *iulfwlrqv* wr wkh vwdqgdug vwdwlf
jhqhudo htxloleulxp dqdo|vlv1 Ghvslwh wklv/ xqlrqv vwloo uhgxfh wkh fdslwdo
vwrfn gxh wr +zkdw pd| eh fdoohg, d *krog0xs* sureohp dw wkh djjuhjdwh ohyho=
Dq xqdqwlflsdwhg shupdqhqw lqfuhdvh lq zdjh suhvvxuh lqfuhdvhv zdjh0fodlpv
dqg uhgxfhv hpsor|phqw1 Wklv uhgxfhv wkh olihwlph lqfrph ri krxvhkrogv
zkr uhgxfh vdylqjv +dqg frqvxpswlrq, dqg wkxv fdslwdo dffxpxodwlrq1
Wkh shufhqwdjh idoo lq frqvxpswlrq dqg fdslwdo vwrfn iurp wkh rog vwhdg|
vwdwh wr wkh qhz vwhdg| vwdwh htxdov wkh shufhqwdjh idoo lq hpsor|phqw
+zklfk dssur{lpdwho| htxdov wkh shufhqwdjh srlqw lqfuhdvh lq xqhpsor|phqw,
zkhuhdv wkh uhdo lqwhuhvw udwh lv xqfkdqjhg1 Wkh hfrqrp| zrxog mxps lp0
phgldwho| wr wklv qhz vwhdg| vwdwh li krxvhkrogv frqvxphg wkh glhuhqfh
ehwzhhq wkh fdslwdo vwrfn dw wkh rog vwhdg| vwdwh dqg wkh qhz vwhdg| vwdwh1
Krzhyhu/ wklv grhv qrw rffxu ehfdxvh ri krxvhkrogv suhihuhqfhv iru frqvxps0
wlrq vprrwklqj1 Lqvwhdg/ frqvxpswlrq idoov rq lpsdfw dqg erwk frqvxpswlrq
dqg fdslwdo ghfuhdvh ryhu wlph wrzdugv wkhlu qhz vwhdg| vwdwh ohyhov1 Wkh
ghyhorsphqw ri wkh fdslwdo vwrfn lpsolhv wkdw wkh uhdo lqwhuhvw udwh lv lqfuhdv0
lqj ryhu wlph zklfk lv wkh uhdvrq iru wkh ryhuvkrrwlqj ri hpsor|phqw= Lw
lv/ fhwhulv sdulexv/ ehwwhu wr zrun dw wlphv zkhuh wkh lqwhuhvw udwh lv kljk
zklfk lpsolhv wkdw xqlrqv dgmxvw zdjhv ryhu wlph vxfk wkdw hpsor|phqw lv
lqfuhdvlqj ryhu wlph1
Wkh qh{w vhfwlrq ghvfulehv wkh prgho1 Vhfwlrq 6 vroyhv wkh prgho iru dj0
juhjdwh yduldeohv dqg ghvfulehv wkh g|qdplfv1 Wkh pdlq uhvxowv/ hvwdeolvkhg
lq Vhfwlrq 7/ duh qdoo| glvfxvvhg lq Vhfwlrq 81
:Wkh xqghu0lqyhvwphqw uhvxow lq Jurxw +4<;7, lv xqdpeljxrxv ehfdxvh ￿up dqg zrunhuv
edujdlq ryhu erwk hpsor|phqw dqg zdjhv diwhu wkh lqyhvwphqw lv pdgh1 Krho +4<<3, vkrzv
wkdw wkhuh pd| eh ryhu0lqyhvwphqw li wkh ￿upv kdv wkh *uljkw0wr0pdqdjh* hpsor|phqw dqg
wkhuh lv rqo| edujdlqlqj ryhu wkh zdjh1 Dqghuvrq ) Ghyhuhx{ +4<;;, rewdlqv vlplodu uhvxowv
lq d qrq0frrshudwlyh vhwwlqj1 Ghyhuhx{ ) Orfnzrrg +4<<4, vkrzv wkdw Jurxw*v *krog0xs*
uhvxow pd| eh uhyhuvhg lq dq ROJ0prgho ehfdxvh ri djhqwv lqwhuwhpsrudo frqvlghudwlrqv1
75W k h P r g h o
Wkh hfrqrp| frqvlvwv ri 6 vhfwruv hdfk surgxflqj dq lqwhuphgldwh jrrg
dqg rqh vhfwru xvlqj wkh lqwhuphgldwh jrrgv wr surgxfh d qdo jrrg1 Wkh
qdo jrrg lv fkrvhq dv qxphudluh1 Krxvhkrogv ex| wkh qdo jrrg zklfk
pd| eh xvhg hlwkhu iru frqvxpswlrq ru vdylqjv lq qhz fdslwdo htxlsphqw1
Hdfk lqwhuphgldwh jrrg lv surgxfhg xvlqj fdslwdo dqg vhfwru vshflf oderxu1
Doo pdunhwv duh shuihfwo| frpshwlwlyh h{fhsw wkh oderxu pdunhwv zkhuh hdfk
w|sh ri oderxu lv frqwuroohg e| rqh krxvhkrog2xqlrq1 Wkh krxvhkrog xvhv
wklv srzhu wr vhw d zdjh shu xqlw ri oderxu wkdw lv deryh wkh rssruwxqlw|
frvwv ri hpsor|phqw1 Hpsor|phqw hqwhuv gluhfwo| lqwr wkh xwlolw| ixqfwlrq
gxh wr lqfuhdvlqj glvxwlolw| iurp zrun dqg lqwr wkh exgjhw frqvwudlqw gxh wr
lqfuhdvhg zhdowk iurp zrunlqj1 Doo djhqwv kdyh shuihfw iruhvljkw1
514 Wkh Uhsuhvhqwdwlyh Krxvhkrog
Hdfk krxvhkrog  frqvlvwv ri 7 u￿ phpehuv1 Wkh krxvhkrog pd{lpl}hv glv0








4Er3|￿_| c  : c +4,
zkhuh ￿ lv krxvhkrog frqvxpswlrq/ u￿ lv wkh qxpehu ri hpsor|hg krxvhkrog
phpehuv zklfk ghshqgv rq wkh zdjh fodlp ri wkh krxvhkrog/ 4 lv wkh udwh ri
wlph suhihuhqfh/ dqg  lv d sdudphwhu wkdw ghwhuplqhv wkh fkdqjh lq pdujlqdo
glvxwlolw| iurp lqfuhdvhg zrun1 Ehfdxvh ri dqdo|wlfdo wudfwdelolw| wkh dqdo|vlv
lv frqqhg wr wklv xwlolw| ixqfwlrq zklfk lv d vshfldo fdvh ri d pruh jhqhudo
fodvv ri xwlolw| ixqfwlrqv wkdw kdyh uhdvrqdeoh surshuwlhv +fi1 Eduur ) Vdod0l0
Pduwlq 4<<8 fk1 <,1;
Wkh  rz exgjhw frqvwudlqw htxdov
 ￿ ' `￿u￿ n -￿  ￿ n V`
￿
7 u￿  u￿
￿
n c +5,
;H1j1/ hpsor|phqw grhv qrw frqyhujh wrzdugv }hur ru lq￿qlw| exw lv frqvwdqw dorqj wkh
edodqfhg jurzwk sdwk1
8zkhuh ￿ lv kroglqjv ri fdslwdo e| wkh krxvhkrog/ - lv wkh udwh ri uhwxuq
rq fdslwdo/ `￿ lv wkh zdjh fodlp ri wkh krxvhkrog/ V` lv xqhpsor|phqw
ehqhwv zklfk duh olqnhg wr wkh ryhudoo zdjh0ohyho/ dqg  lv d oxps0vxp wd{
wkdw qdqfhv xqhpsor|phqw ehqhwv1 Doo krxvhkrogv kdyh wkh vdph lqlwldo
kroglqj ri fdslwdo1 Lq zkdw iroorzv/ wkh xsshu olplw rq krxvhkrog hpsor|phqw/
7 u￿/ lv dvvxphg qrw elqglqj dqg wkh krxvhkrog lv dvvxphg wr kdyh qhjoljleoh
lq xhqfh rq wkh ryhudoo zdjh0ohyho1 Pd{lpl}dwlrq ri +4, vxemhfw wr +5,/ d
oderxu ghpdqg uhodwlrqvkls u￿ E`￿/ d qrq0qhjdwlyh frqvxpswlrq frqglwlrq/
d qrq0qhjdwlyh hpsor|phqw frqglwlrq/ dqg d qr0Srq}l jdph frqglwlrq |lhogv
wkh xvxdo Nh|qhv0Udpvh| uxoh iru frqvxpswlrq
 ￿
￿
' -  4c +6,






zkhuh #￿  u ￿
￿E ` ￿` ￿*u￿ E`￿ lv wkh +qxphulfdo, zdjh hodvwlflw| ri oderxu
ghpdqg1 Wkh odvw htxdwlrq vwdwhv wkdw wkh zdjh lv vhw dv d pdun0xs rq wkh
+pdujlqdo, rssruwxqlw| frvwv ri hpsor|phqw htxdo wr wkh irujrqh xwlolw| ri
ohlvxuh phdvxuhg lq prqh| whupv dqg wkh irujrqh xqhpsor|phqw ehqhwv1
Htxdwlrq +7, pd| eh lqwhusuhwhg dv vwdqgdug zdjh0fxuyh fkdqjlqj ryhu wlph
ehfdxvh ri fdslwdo dffxpxodwlrq1 Wr ghulyh #￿/ lw lv qhfhvvdu| wr orrn dw wkh
ehkdylrxu ri upv1
515 Wkh Ilqdo Jrrg Vhfwru
Ilqdo jrrgv/ t / duh surgxfhg xvlqj 6 lqwhuphgldwh jrrgv dffruglqj wr wkh













zkhuh 0 lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq lqsxwv1 Frvw plqlpl}dwlrq































lv wkh pdujlqdo +dqg dyhudjh, frvwv ri surgxflqj t 1 Wkh odvw htxdolw| lq +9,
iroorzv iurp wkh dvvxpswlrq ri shuihfwo| frpshwlwlyh rxwsxw pdunhwv1
516 Wkh Lqwhuphgldwh Jrrg Vhfwruv
Hdfk lqwhuphgldwh jrrg vhfwru  lv fkdudfwhul}hg e| pdq| lghqwlfdo upv
hdfk rswlpl}lqj dq lqwhuwhpsrudo surw ixqfwlrq1 Wkh surgxfwlrq ri jrrg 
lv jlyhq e| Free0Grxjodv whfkqrorj|




zkhuh g￿ dqg u￿ duh lqsxw ri fdslwdo dqg oderxu/ uhvshfwlyho|1 ~ uhsuhvhqwv
wkh fxuuhqw vwdwh ri nqrzohgjh zklfk jurzv dw wkh h{rjhqrxv udwh }1 Wkhuh lv
qr dgmxvwphqw frvwv dvvrfldwhg zlwk fkdqjlqj lqsxwv/ dqg vr upv xvh lqsxwv



















zkhuh wkh qdo jrrg sulfh/ ￿/ dqg wkh qrplqdo zdjh/ `￿/d u hv h f w r uv s h f l  f
zkloh wkh uhqwdo udwh rq fdslwdo jrrgv/ -/ lv lghqwlfdo lq doo vhfwruv1 Wkh oderxu















zklfk vwdwhv wkdw oderxu ghpdqg lv ghfuhdvlqj lq wkh zdjh dqg lqfuhdvlqj lq
djjuhjdwh ghpdqg iru qdo jrrgv +frqvxpswlrq dqg lqyhvwphqw, wuhdwhg dv
h{rjhqrxv e| hdfk krxvhkrog dqg up erwk wrr vpdoo wr lq xhqfh wkh ryhudoo
hfrqrp|1 Vlqfh wkh fdslwdo vwrfn lq vhfwru  lv hqgrjhqrxv/ wkh oderxu ghpdqg
:dovr ghshqgv rq wkh uhqwdo sulfh ->d ql q f u h d v hl q-uhgxfhv wkh fdslwdo vwrfn
zklfk uhgxfh wkh pdujlqdo surgxfw ri oderxu1 Wkh dvvxpswlrq ri shuihfw
fdslwdo prelolw| dfurvv vhfwruv lq xhqfhv wkh zdjh uhvsrqvlyhqhvv ri oderxu
ghpdqg> wkh krxvhkrogv pxvw wdnh lqwr frqvlghudwlrq wkdw d zdjh ulvh uhgxfhv
hpsor|phqw/ zklfk uhgxfhv wkh pdujlqdo surgxfw ri fdslwdo dqg wkhuhe| wkh
dprxqw ri fdslwdo/ zklfk ghfuhdvhv hpsor|phqw ixuwkhu1 Htxdwlrq +43, |lhogv
#￿ ' D0D n#c +44,
zklfk uhodwhv wkh +qxphulfdo, zdjh hodvwlflwlhv ri oderxu ghpdqg wr wkh gh0
juhh ri vxevwlwxwlrq ehwzhhq lqwhuphgldwh jrrgv lq wkh surgxfwlrq ri qdo
jrrgv1 Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq lqwhuphgldwh jrrgv/ 0/l vd o v r
dq lqgluhfw phdvxuh ri wkh ghjuhh ri frpshwlwlrq lq wkh zdjh0vhwwlqj1 Htxd0
wlrq +7,/ +43,/ dqg +44, ghwhuplqh hpsor|phqw dqg zdjh lq hdfk vhfwru dv
ixqfwlrq ri wkh djjuhjdwh yduldeohv / -/d q gf 1
6 Jhqhudo Htxloleulxp dqg wkh G|qdplf V|v0
whp
V|pphwulf krxvhkrogv dqg upv lpsolhv wkdw vhfwru uhodwhg yduldeohv +zlwk
vxevfulsw , duh lghqwlfdo dfurvv vhfwruv/ h1j1/ ￿ '  E' 1 Zh duh lqwhuhvwhg
lq wkh ghyhorsphqw ri djjuhjdwh hpsor|phqw/ frqvxpswlrq/ dqg fdslwdo vwrfn
htxdo wr u ' 6u￿c ' 6￿/d q gg'6g￿/ uhvshfwlyho|1 Lq rughu wr
h{suhvv wkh g|qdplfv lq d wzr glphqvlrqdo v|vwhp/ lw lv xvhixo wr ghqh & 
g*E~u'g ￿*E ~u￿dqg S  *E~u' ￿*E ~u￿1 Djjuhjdwh hpsor|phqw
lv ghulyhg dv d ixqfwlrq ri & dqg S xvlqj +7,/ +;,/ dqg +44,=
u ' 6
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Wkh sdwk ri wkh hfrqrp| lv fkdudfwhul}hg e| +46,/ +47,/ dqg d frqyhqwlrqdo
wudqvyhuvdolw| frqglwlrq1 Iljxuh 5 looxvwudwhv wkh skdvh0gldjudp fruuhvsrqg0
lqj wr +46, dqg +47,1 Wkh hfrqrp| iroorzv wkh vdggoh sdwk wrzdugv wkh
xqltxh qrq0wulyldo vwhdg| vwdwh E&WcS W+vhh Dsshqgl{,> srlqw F lq Iljxuh 51
Dw wkh edodqfhg jurzwk sdwk/ wkh jurzwk udwhv ri djjuhjdwh frqvxpswlrq/
	 / dqg fdslwdo/ 	 g/ htxdo wkh jurzwk udwh ri nqrzohgjh/ }/ zkhuhdv djjuhjdwh
hpsor|phqw lv frqvwdqw +fi1 +45,,1
	 Iljxuh 5 :
Erwk +46, dqg +47, duh lqghshqghqw ri wkh wzr xqlrqv uhodwhg sdudphwhuv
0 dqg V1 Wkxv/ wkh g|qdplfv ri & dqg S duh lghqwlfdo iru wzr hfrqrplhv kdylqj
lghqwlfdo lqlwldo ydoxh ri & exw glhuhqw ydoxhv ri 0 dqg V1 Qrwh wkrxjk/ wkdw
& ghshqgv erwk rq wkh vwdwh yduldeohv g dqg ~ dqg wkh frqwuro yduldeoh u
zklfk lpsolhv wkdw & mxpsv li u gr vr +lq uhvsrqvh wr vrph xqdqwlflsdwhg
fkdqjh,1 Khqfh/ wr xvh wkh skdvh gldjudp/ lw lv lpsruwdqw wr uhfrjql}h wkdw
wkh vwdwh yduldeoh  g  g*~ lv ehorz lwv vwhdg| vwdwh ydoxh/  gW/z k h q h y h u&
lv ehorz lwv vwhdg| vwdwh ydoxh/ &W/ dqg ylfh yhuvd1<
7 Wkh Lpsdfw ri Prqrsrolvwlf Zdjh Vhwwlqj
Wklv vhfwlrq vwxg| wkh lpsolfdwlrqv ri prqrsrolvwlf zdjh vhwwlqj lq wzr zd|v1
Iluvw/ zh frpsduh wkh zdjh vhwwlqj hfrqrp| wr wkh fruuhvsrqglqj frpshwlwlyh
hfrqrp| wkdw kdyh lghqwlfdo fdslwdo lqwhqvlw|1 Lq wkh frpshwlwlyh hfrqrp|
krxvhkrogv wdnh zdjhv dv jlyhq dqg xqhpsor|phqw ehqhwv gr qrw h{lvwv143
Vhfrqg/ zh dqdo|vh wkh frqvhtxhqfhv ri fkdqjhv lq zdjh suhvvxuh fdxvhg e|
fkdqjhv lq wkh +lqgluhfw, ghjuhh ri frpshwlwlrq dprqj zdjh vhwwhuv/ 0/r ul q
wkh uhsodfhphqw udwlr/ V1
<Vhh Ohppd 9 lq wkh surri ri Sursrvlwlrq 51
43Wkh djjuhjdwh yduldeohv lq wkh frpshwlwlyh hfrqrp| duh lqghshqghqw ri %1 Krzhyhu/
wkh frpshwlwlyh vroxwlrq pd| eh irxqg iurp wkh suhylrxv htxdwlrqv e| ohwwlqj % frqyhujh
wrzdugv lq￿qlw| dqg vhwwlqj ￿ htxdo wr }hur1
<Ohw  ghqrwh wkh vwhdg| vwdwh xqhpsor|phqw udwh ghqhg dv wkh uhod0
wlyh glhuhqfh lq hpsor|phqw ehwzhhq wkh zdjh vhwwlqj hfrqrp| dqg wkh











Dv xvxdo wkh xqhpsor|phqw udwh lv dq lqfuhdvlqj ixqfwlrq ri wkh uhsodfhphqw
udwlr/ V/ dqg d ghfuhdvlqj ixqfwlrq ri wkh ghjuhh ri frpshwlwlrq dprqj zdjh
vhwwhuv/ 01
Sursrvlwlrq 4 Frpsduh d zdjh vhwwlqj hfrqrp| dqg d frpshwlwlyh hfrqrp|
wkdw kdyh lghqwlfdo fdslwdo lqwhqvlw| & dqg lghqwlfdo ydoxhv ri doo sdudphwhuv
h{fhsw 01 +l, Wkh hpsor|phqw/ u/ frqvxpswlrq/ / dqg fdslwdo vwrfn/ g/d u h
 Iv p d o o h ul qw k hx q l r qh f r q r p | 1 +ll, Wkh wzr hfrqrplhv kdyh lghqwlfdo
jurzwk udwhv lq hpsor|phqw/ 	 u/ frqvxpswlrq/ 	 / dqg fdslwdo vwrfn/ 	 g1 +lll,
Wkh uhdo zdjh/ `/ dqg uhdo lqwhuhvw udwh/ -/ duh lghqwlfdo1
Surri1 +ll, Erwk +46, dqg +47, duh lqghshqghqw ri 01 	 u lv dovr lqghshqghqw
ri 0 iru d jlyhq ydoxh ri & dffruglqj wr +45,1 Wklv lpsolhv wkdw wkh wzr
hfrqrplhv kdyh lghqwlfdo ydoxhv ri 	 g dqg 	 1 +l, Wkh wzr hfrqrplhv kdyh
lghqwlfdo vwhdg| vwdwh ydoxhv ri & dqg S1 Lw wkhq iroorzv iurp +48, wkdw g dqg
u duh I vpdoohu lq wkh vwhdg| vwdwh ri wkh zdjh vhwwlqj hfrqrp|1 Lw iroorzv
iurp wkh lghqwlfdo jurzwk udwhv wkdw wklv dovr krogv rxwvlgh vwhdg| vwdwh1 +lll,
iroorzv gluhfwo| iurp +;, dqg +<,1
Lq jhqhudo/ lw lv qrw olnho| wkdw d zdjh vhwwlqj hfrqrp| kdv wkh vdph
fdslwdo0oderxu udwlr dv d fruuhvsrqglqj frpshwlwlyh hfrqrp| vlqfh sdudp0
hwhu fkdqjhv wkdw lq xhqfh wkh udwh ri xqhpsor|phqw +l1h1/ 0cVcDc,k d y h
glhuhqw hhfwv rq wkh fdslwdo0oderxu udwlr lq wkh wzr w|shv ri hfrqrplhv1
Sursrvlwlrq 4 grhv wkrxjk ghvfuleh wkh orqj uxq frqvhtxhqfhv ri prqrsr0
olvwlf zdjh vhwwlqj dv erwk hfrqrplhv frqyhujh wr wkh vdph orqj uxq +vwhdg|
44Wklv lv lq dffrugdqfh zlwk wkh vwdqgdug gh￿qlwlrq ri xqhpsor|phqw htxdo wr wkh
gl￿huhqfh ehwzhhq hpsor|phqw dqg wkh qxpehu ri shuvrqv zloolqj wr zrun dw wkh jrlqj
zdjh udwh dv htxdwlrq +;, vkrzv wkdw wkh vwhdg| vwdwh zdjh ohyho lv lghqwlfdo lq wkh wzr
hfrqrplhv1
43vwdwh, fdslwdo lqwhqvlw|1 Wklv lv fohdu iurp wkh skdvh gldjudp lq Iljxuh 5
zklfk dssolhv erwk wr wkh zdjh vhwwlqj hfrqrp| dqg wkh frpshwlwlyh hfrq0
rp|1 Rxwvlgh vwhdg| vwdwh/ wkh pdlq glhuhqfh ehwzhhq wkh zdjh vhwwlqj
hfrqrp| dqg wkh frpshwlwlyh hfrqrp| lv qrw wkh srvlwlrq ri wkh vdggoh sdwk
lq Iljxuh 5 exw wkh srvlwlrq rq wkh sdwk1 Wklv srvlwlrq fkdqjh lq wkh zdjh
vhwwlqj hfrqrp| zkhq 0 ru V fkdqjhv1
Sursrvlwlrq 5 Frqvlghu dq xqdqwlflsdwhg shupdqhqw uhgxfwlrq lq 0 ru ulvh
lq V1 +l, Rq lpsdfw hpsor|phqw/ u/ dqg frqvxpswlrq/ / idoo zkhuhdv wkh
fdslwdo vwrfn/ g/ lv xqfkdqjhg1 +ll, Suhvhqw dqg ixwxuh jurzwk udwhv ri frq0
vxpswlrq/ 	 / dqg fdslwdo/ 	 g/ ghfuhdvh zkhuhdv jurzwk udwhv ri hpsor|phqw/
	 u/ lqfuhdvh1 +lll, Suhvhqw dqg ixwxuh ohyhov ri uhdo zdjhv/ `/ lqfuhdvh zkhuhdv
wkh ohyhov ri wkh uhdo lqwhuhvw udwh/ -/g h f u h d v h 1 45
Surri1 Vhh Dsshqgl{1
Erwk d uhgxfwlrq lq wkh ghjuhh ri frpshwlwlrq dprqj zdjh vhwwhuv/ 0/r u
ulvh lq wkh uhsodfhphqw udwlr/ V/ lqfuhdvh wkh zdjh fodlpv ri wkh krxvhkrogv
dqg uhgxfh hpsor|phqw146 Wklv fdxvh dq lpphgldwh ulvh lq wkh fdslwdo0oderxu
udwlr +dv fdslwdo fdqqrw mxps,1 Wzr h{dpsohv ri wkdw lv looxvwudwhg lq Iljxuh
5= Li wkh hfrqrp| lv lq wkh vwhdg| vwdwh lqlwldoo| wkhq lw pryhv iurp F wr G1
Wkh pryhphqw iurp D wr E looxvwudwhv d fdvh zkhuh wkh hfrqrp| lv ehorz
lwv vwhdg| lqlwldoo|1 Lw lv fohdu iurp Iljxuh 5 wkdw S dozd|v lqfuhdvhv1 Wklv lv
gxh wr wkh uhgxfwlrq lq hpsor|phqw dv djjuhjdwh frqvxpswlrq  ghfolqhv dv
h{sodlqhg ehorz1 Wkh lqfuhdvh lq wkh fdslwdo0oderxu udwlr udlvhv wkh ryhudoo
zdjh ohyho dqg uhgxfhv wkh uhwxuq rq fdslwdo1
Wkh zdjh ulvh ri rqh krxvhkrog lqfuhdvhv wkh djjuhjdwh uhdo lqfrph ri
wkh krxvhkrog phpehuv exw kdv qhjdwlyh h{whuqdolwlhv +vlplodu wr wkh vwdwlf
45Qrwh/ wkdw wkh sursrvlwlrq krogv iru dq| lqlwldo ydoxh +qrw rqo| wkh vwhdg| vwdwh ydoxh,
ri wkh vwdwh yduldeoh ￿ N ￿ N@] dqg iru doo ￿qlwh fkdqjhv +qrw rqo| pdujlqdo fkdqjhv, lq %
dqg ￿1
46Lq idfw/ wklv lv qrw dv vwudljkwiruzdug dv lq vwdwlf prghov vlqfh +7, ghshqgv rq frq0
vxpswlrq1 Wkh idoo lq frqvxpswlrq lqfuhdvhv wkh pdujlqdo xwlolw| ri hpsor|phqw zklfk
frxqwhudfw wkh gluhfw h￿hfw1 Wkh gluhfw h￿hfw grhv/ krzhyhu/ grplqdwh dv vkrzq lq wkh
surri ri Sursrvlwlrq 51
44prghov, rq wkh uhdo lqfrph ri rwkhu krxvhkrogv147 Lq wrwdo wkh qhjdwlyh h{0
whuqdolwlhv grplqdwh dqg wkhuhiruh doo krxvhkrogv h{shfw orzhu uhdo lqfrph
lq wkh ixwxuh1 Wkh krxvhkrogv uhvsrqg e| uhgxflqj erwk suhvhqw dqg ixwxuh
frqvxpswlrq dqg vdylqjv1 Wkh uhgxfwlrq lq vdylqjv uhgxfhv wkh fdslwdo vwrfn
ryhu wlph zklfk pdnhv uhdo zdjhv d ghfuhdvlqj ixqfwlrq ri wlph dqg uhdo lq0
whuhvw udwhv dq lqfuhdvlqj ixqfwlrq ri wlph1 Wklv lpsolhv wkdw wkh rssruwxqlw|
frvwv ri frqvxpswlrq duh dq lqfuhdvlqj ixqfwlrq ri wlph pdnlqj wkh uhgxf0
wlrq ri frqvxpswlrq dq lqfuhdvlqj ixqfwlrq ri wlph/ l1h1/ wkh jurzwk udwhv ri
frqvxpswlrq ghfuhdvhv1 Wkh ghyhorsphqw ri uhdo lqwhuhvw udwhv lqfuhdvhv wkh
pdujlqdo jdlq ri zrunlqj ryhu wlph pdnlqj wkh zdjh fodlpv ri wkh krxvhkrogv
d ghfuhdvlqj ixqfwlrq ri wlph dqg hpsor|phqw dq lqfuhdvlqj ixqfwlrq ri wlph/
l1h1/ hpsor|phqw ryhuvkrrwv wkh qhz vwhdg| vwdwh ohyho1
Wkh hfrqrp| frqyhujhv wrzdugv d qhz vwhdg| vwdwh fkdudfwhul}hg e|
odujhu xqhpsor|phqw/ orzhu fdslwdo vwrfn/ dqg orzhu frqvxpswlrq exw xq0
fkdqjhg zdjhv dqg uhdo lqwhuhvw udwh +fi1 Sursrvlwlrq 4,1 Wkh glhuhqfh
ehwzhhq wkh orqj uxq +vwhdg| vwdwh, frqvhtxhqfhv lq Sursrvlwlrq 4 dqg wkh
vkruw0 dqg phglxp uxq frqvhtxhqfhv lq Sursrvlwlrq 5 duh fdxvhg e| krxvh0
krogv ghvluh iru frqvxpswlrq vprrwklqj1 Diwhu wkh sdudphwhu fkdqjh lw lv
lq sulqflsoh srvvleoh iru wkh krxvhkrogv wr lqvwdqwo| frqvxph wkh glhuhqfh
ehwzhhq wkh wzr vwhdg| vwdwh fdslwdo vwrfnv diwhu zklfk wkh hfrqrp| zrxog
eh lq wkh qhz vwhdg| vwdwh zlwk d shupdqhqwo| orzhu frqvxpswlrq ohyho1
Krzhyhu/ vxfk frqvxpswlrq sdwk frq lfwv zlwk wkh krxvhkrogv ghvluh iru d
vprrwk frqvxpswlrq sdwk1 Lqvwhdg/ krxvhkrogv uhgxfh frqvxpswlrq dw doo
srlqwv lq wlph diwhu wkh sdudphwhu fkdqjh dqg uxq grzq wkh fdslwdo vwrfn
vprrwko|148
47Wkhuh duh 6 qhjdwlyh h{whuqdolwlhv= +l, Wkh frvwv ri surgxflqj ￿qdo jrrgv lqfuhdvh
zklfk uhgxfhv uhdo zdjhv e| lqfuhdvlqj wkh frqvxphu sulfh lqgh{1 +ll, Wkh frvwv ri sur0
gxflqj fdslwdo jrrgv lqfuhdvh zklfk uhgxfhv fdslwdo ghpdqg dqg oderxu ghpdqg1 +lll, Wkh
uhgxfwlrq lq djjuhjdwh hpsor|phqw uhgxfhv wkh krxvhkrog*v uhwxuq rq wkhlu fdslwdo vwrfn1
Krzhyhu/ wkhuh duh dovr 5 srvlwlyh h{whuqdolwlhv= +l, Wkh uhgxfwlrq lq wkh hpsor|phqw ri
rqh vhfwru lqfuhdvhv wkh sulfh ri wkdw sduwlfxodu lqwhuphgldwh jrrg1 Ilqdo jrrgv surgxfhuv
vxevwlwxwh wrzdugv wkh rwkhu lqwhuphgldwh jrrgv zklfk lqfuhdvh oderxu ghpdqg lq rwkhu
vhfwruv1 +ll, Fdslwdo whqgv wr  rz wr wkh rwkhu vhfwruv zklfk dovr lqfuhdvhv wkh ghpdqg
iru oderxu lq wkhvh vhfwruv1
48Pdwkhpdwlfdoo|/ wkh mxps grzq wr wkh qhz shupdqhqw ohyho diwhu wkh lqfuhdvh rq
458 Frqfoxglqj Uhpdunv
Lw lv frpprq wr dqdo|vh fkdqjhv lq zdjh suhvvxuh lq vwdwlf jhqhudo htxloleulxp
prghov1 Wkh pdfurhfrqrplf rxwfrph ghshqgv rq wkh dvvxpswlrqv rq wkh
surgxfwlrq ixqfwlrq= Lqfuhdvhg zdjh suhvvxuh +d, lqfuhdvhv zdjhv dqg uhgxfhv
hpsor|phqw zlwk ghfuhdvlqj uhwxuqv wr oderxu exw +e, kdv d odujhu lpsdfw
rq hpsor|phqw dqg qr lpsdfw rq zdjhv zlwk frqvwdqw uhwxuqv wr oderxu
+fi1 Iljxuh 4,1 Lw vhhpv qdwxudo wr h{shfw +d, wr eh wkh lpsdfw hhfw dqg
+e, wr eh wkh vwhdg| vwdwh hhfw ri dq xqdqwlflsdwhg shupdqhqw lqfuhdvh lq
zdjh suhvvxuh lq d prgho zlwk fdslwdo dffxpxodwlrq1 Wklv sdshu hqfrpsdvvhv
wkh vwdwlf jhqhudo htxloleulxp dqdo|vlv lqwr d vwdqgdug g|qdplf iudphzrun
zlwk fdslwdo dffxpxodwlrq1 Wkh uhvxowv frqup wkh deryh frqmhfwxuh rq wkh
ghyhorsphqw ri zdjhv exw qrw rq wkh ghyhorsphqw ri hpsor|phqw= Zdjhv
ulvh exw frqyhujh edfn wr wkh suhylrxv ohyho zkhuhdv hpsor|phqw ghfuhdvhv
prvw rq lpsdfw dqg wkhq lqfuhdvhv wrzdugv wkh qhz orzhu vwhdg| vwdwh ohyho1
Frqvlghu wkh vshfldo fdvh ri lqfuhdvhg zdjh suhvvxuh wkdw fruuhvsrqgv wr
xqlrql}dwlrq ri wkh oderxu irufh +l1h1/ zkhq 0 jrhv iurp lqqlw| wr d qlwh
ydoxh,1 Wkh frqvhtxhqfhv dffruglqj wr wkh deryh frqmhfwxuh iurp wkh vwdwlf
prghov duh d pryhphqw lq Iljxuh 4 iurp D wr E rq lpsdfw dqg d vwhdg| vwdwh
pryhphqw iurp D wr F1 Wkh lqwhusuhwdwlrq ri Iljxuh 4 xvlqj wkh g|qdplf
prgho lv wkdw wkh hfrqrp| pryhv iurp D wr I rq lpsdfw/ dqg diwhuzdugv
erwk wkh `7 fxuyh dqg wkh 7 fxuyh pryhv grzqzdugv wrzdugv F149
Wkh prgho xvhv vshflf ixqfwlrqdo irupv exw grhv kdyh uhdvrqdeoh surs0
huwlhv> l1h1/ wkh hfrqrp| frqyhujhv wrzdugv d edodqfhg jurzwk sdwk zkhuh
wkh djjuhjdwh hpsor|phqw dqg wkh oderxu vkduh ri lqfrph duh xqwuhqghg1
Lq d pruh jhqhudo vhwwlqj pdq| wklqjv duh srvvleoh1 Iru lqvwdqfh/ pxowlsoh
htxloleuld dqg vxqvsrwv pd| dulvh li pdun0xsv duh qrw frqvwdqw +vhh Jdol
4<<7,1
lpsdfw zrxog ylrodwh +6,1
49D pruh ghwdlohg ghvfulswlrq lv surylghg lq wkh Dsshqgl{1
46Uhihuhqfhv
^4` Dqghuvrq/ V1 S1 ) Ghyhuhx{/ P1 E1/ 4<;;/ *Wudgh Xqlrqv dqg wkh Fkrlfh
ri Fdslwdo Vwrfn*/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <3+4,/ ss1 5:0771
^5` Eduur/ U1 M1 ) [1 Vdod0l0Pduwlq/ 4<<8/ *Hfrqrplf Jurzwk* +PfJudz0Kloo,1
^6` Eodqfkdug/ R1 M1 ) Nl|rwdnl/ Q1/ Prqrsrolvwlf Frpshwlwlrq dqg Dj0
juhjdwh Ghpdqg/ Dphulfdq Hfrqrplf Uhylhz/ Vhswhpehu 4<;:/ ::/ ss1
97:09991
^ 7 `E r r w k /D 1O 1 /4 < < 8 /* Wkh hfrqrplfv ri wkh wudgh xqlrq*+ F d p e u l g j hX q l 0
yhuvlw| Suhvv,1
^8` Ghyhuhx{/ P1 E1 ) Orfnzrrg/ E1/ 4<<4/ *Wudgh xqlrqv/ qrq0elqglqj zdjh
djuhhphqwv/ dqg fdslwdo dffxpxodwlrq*/ Hxurshdq Hfrqrplf Uhylhz 68/
ss1 4744047591
^9` Jdol/ M1/ 4<<7/ *Prqrsrolvwlf Frpshwlwlrq/ Exvlqhvv F|fohv dqg wkh Frp0
srvlwlrq ri Djjuhjdwh Ghpdqg*/ Mrxuqdo ri Hfrqrplf Wkhru| 96+4,1
^:` Jurxw/ S1 D1/ 4<;7/ *Lqyhvwphqw dqg Zdjhv lq wkh Devhqfh ri Elqglqj
Frqwudfwv= D Qdvk Edujdlqlqj Dssurdfk*/ Hfrqrphwulfd 85+5,/ ss1 77<0
7931
^;` Krho/ P11 4<<3/ *Orfdo Yhuvxv Fhqwudo Zdjh Edujdlqlqj zlwk Hqgrjhqrxv
Lqyhvwphqwv*/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <5+6,/ ss1 786079<1
^<` Od|dug/ U1/ Qlfnhoo/ V1 ) Mdfnpdq/ U1/ 4<<4/ *Xqhpsor|phqw1 Pdfurhfr0
qrplf shuirupdqfh dqg wkh oderxu pdunhw* +R{irug Xqlyhuvlw| Suhvv,1
47DD s s h q g l {
D14 Wkh rswlpl}dwlrq ri krxvhkrogv
Wklv vhfwlrq ghulyhv +6, dqg +7,1 Wkh rswlpdo vroxwlrq lv rewdlqhg e| vhwwlqj
xs wkh suhvhqw ydoxh Kdplowrqldq
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zkhuh b lv wkh frvwdwh yduldeoh dvvrfldwhg zlwk wkh vwdwh yduldeoh ￿1 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Glhuhqwldwlrq zlwk uhvshfw wr ￿ dqg lqvhuwlqj wkh deryh htxdwlrq |lhogv
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D15 Ghulydwlrq ri wkh oderxu ghpdqg
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z k h u hz hk d y hd o v rx v h g'iurp htxdwlrq +9,1
D16 Ghulydwlrq ri wkh g|qdplf v|vwhp
Wklv vhfwlrq ghulyhv +46, dqg +47,1 Htxdwlrq +:,/ htxdwlrq +8,/ dqg wkh
dvvxpswlrq ri fohdulqj lq wkh fdslwdo pdunhw |lhog











































Wkh jurzwk udwh ri hpsor|phqw lv ghulyhg e| glhuhqwldwlrq ri +45, dqg
































































E  DS*&  E  D n 4}
 D

D17 Frqvwuxfwlrq ri wkh skdvh gldjudp
Vhwwlqj  &*& htxdo wr }hur jlyhv
SE&m￿ &’f '
E  Dk&￿3D  E4 n }&
 
+54,
Glhuhqwldwlrq ri +54, |lhogv
S
￿ E&m￿ &’f '





￿ E&m￿ &’f ' 4 c *4
&<" S




Vhwwlqj  S*S h t x d ow r} h u rj l y h v
SE &  m ￿ S ’f ' E  Dk&
￿3D n
E  D n 4n}
D
& +55,
Glhuhqwldwlrq ri +55, |lhogv
S
￿ E&m￿ S’f ' E  DEDk&
3D n





￿ E&m￿ S’f ' 4 c *4
&<" S
￿ E&m￿ S’f '
E  D n 4n}
D













Xvlqj wkh htxdwlrqv deryh/ lw lv vhhq wkdw +54, dqg +55, kdyh wkh judsklf
iurp rxwolqhg lq Iljxuh 41 Wkh dvvxpswlrq ri qrq0qhjdwlyh frqvxpswlrq
dqg hpsor|phqw h{foxghv wkh hfrqrp| iurp ehlqj lq wkh vkdghg duhd1 Wkh
gdvkhg fxuyh lv wkh vdggoh sdwk1 Rq wkh vdggoh sdwk/   S*& lv d ghfuhdvlqj
ixqfwlrq ri & zkhq &	& Wdqg dq lqfuhdvlqj ixqfwlrq zkhq &:& W+vhh wkh
surri ri Sursrvlwlrq 5/ Ohppd 4,1 Qrwh/ wkdw wkh wzr fxuyhv pd| lqwhuvhfw wr
wkh uljkw ri wkh pd{lpxp ri +54, dv looxvwudwhg lq Iljxuh 4 gxh wr hqgrjhqrxv
hpsor|phqw1 Wklv kdsshqv li wkh oderxu vxsso| lv vx!flhqwo| hodvwlf=
S







W : 7 & / nDnD}*4 : 
D18 Surri ri vdggoh srlqw vwdelolw|
+46, dqg +47, duh olqhdul}hg durxqg vwhdg| vwdwh1 Wkh ghwhuplqdqw ri wkh
Mdfreldq |lhogv=
a '








3D3￿ SW  ￿3D
￿3D ESW*&W
2 E  DkE&W
3D n2￿ 3 D
￿3 DS W*&W 
E￿n￿3D￿4n￿}
￿3D
￿ ￿ ￿ ￿ ￿ ￿
53,
a '
￿ ￿ ￿ ￿ ￿ ￿


































zkhuh wkh odvw lqhtxdolw| iroorzv iurp wkh dvvxpswlrq : 1 Lw lv fohdu iurp
Iljxuh 4 wkdw wkh wzr wulyldo vwhdg| vwdwhv duh xqvwdeoh1 Wkxv/ srlqw F lv
joredoo| vwdeoh1
D19 Surri ri Sursrvlwlrq 5
Ohw d kdw ryhu d yduldeoh ghqrwh wkh jurzwk udwh ri wkh yduldeoh1 Wkh surri
lv glylghg lqwr 43 ohppdv=
Ohppd 4 Wkh frqvxpswlrq0fdslwdo udwlr/   S*&/ lv ghfuhdvlqj ryhu wlph
li &	& Wdqg lqfuhdvlqj li &:& W1

















3D	 & n 
Wkh whup D2k&3D	 & lv srvlwlyh zkhq &	& W1 Wkh deryh htxdwlrq lpsolhv wkdw
  zloo frqwlqxh wr lqfuhdvh li  :ffrqwudglfwlqj wkh idfw wkdw wkh hfrqrp|
zloo hyhu dssurdfk d vwhdg| vwdwh1 Wkxv/ 	 	fli &	& W 1 Wkh rssrvlwh
dujxphqw dssolhv zkhq &:& Wlpso|lqj wkdw 	 :fli &:& W1




















































































k&3D E4nD} E  D n E4 n }EDk&3D 4
 D
Ohppd 4 lpsolhv wkdw 	  '   Dk&3D  4	fzkhq &	& W 1O h p p d 4
dqg W  SW*&W 'E 4nD}*E  D lpso| wkdw 4 n D}E  D 	 f zkhq
&	& W 1W k x v / _ 	 &*_| 	 f zkhq &	& W 1 Xvlqj wkh vdph phwkrg/ lw lv
vwudljkwiruzdug wr suryh wkh rssrvlwh/ l1h1 _	 &*_| : f zkhq &	& W1
Ohppd 6 	 g   g*g lv ghfuhdvlqj ryhu wlph zkhq &	& Wdqg lqfuhdvlqj
zkhq &:& W1































Wkh uvw whup lv qhjdwlyh zkhuhdv wkh vhfrqg whup lv srvlwlyh1 Ohppd 4
lpsolhv wkdw 	  ' Dk&3D  4 n 	f/Dk&3D : 4 1 Xvlqj wklv
lqhtxdolw| wr vxevwlwxwh wkh whup rxwvlgh wkh uvw eudfnhw |lhogv
_ 	 g
_|














































E nE Dk&3D  4E4nD}E  D n E  D}E  Dk&3D 4
 D

Ohppd 4 lpsolhv wkdw 	  '   Dk&3D 4	fzkhq &	& W1O h p p d4d q g
 WS W *&W 'E 4nD}*E  D lpso| wkdw 4 n D}  E  D 	 f1W k x v /
_ 	 g*_| 	 f li
:4E D k&
3D










3D :4  E D k&
3Dc
krogv zkhqhyhu &	& W1 Dsso|lqj wkh vdph phwkrg iru wkh fdvh &:& Wjlyhv




E nE Dk&3D  4E4nD}E  D n E  D}E  Dk&3D 4
 D

56Ohppd 4 lpsolhv wkdw 	  '   Dk&3D 4:fzkhq &:& W1O h p p d4d q g
 WS W *&W 'E 4nD}*E  D lpso| wkdw 4 n D}  E  D : f1W k x v /
_ 	 g*_| : f li
:4E D k&
3D
Ohppd 4 lpsolhv wkdw 	  '   Dk&3D 4:f: k&3D zkhq &:& W1
Ohppd 7 	    * lv ghfuhdvlqj ryhu wlph zkhq &	& Wdqg lqfuhdvlqj
zkhq &:& W1
Surri1 Htxdwlrq +6, dqg +<, |lhog





' D E  Dk&
3D	 &
Lw iroorzv iurp Ohppd 5 wkdw 	 &:fzkhq &	& Wlpso|lqj wkdw _ ￿ ￿
_| 	 f1W k h
rssrvlwh lv wuxh zkhq &:& W1
Ohppd 8 	 u   u*u lv lqfuhdvlqj ryhu wlph zkhq &	& Wdqg ghfuhdvlqj
zkhq &:& W1
Surri1 Htxdwlrq +53, |lhogv













zklfk lv srvlwlyh zkhq &	& Wdqg qhjdwlyh zkhq &	& Wd f f r u g l q jw rO h p p d
41
Ohppd 9 &W  & lv dq lqfuhdvlqj ixqfwlrq ri  gW   g1









 g* glv ghfuhdvlqj ryhu wlph zkhq &	& Wdqg lqfuhdvlqj zkhq
&:& W1 Wklv lpsolhv wrjhwkhu zlwk Ohppd 5 wkdw erwk &  &W dqg  g   gW
lqfuhdvhv ryhu wlph zkhq &	& Wdqg ghfuhdvhv ryhu wlph zkhq &:& W1
57Ohppd : Du h g x f w l r ql q0ru ulvh lq V lqfuhdvhv & rq lpsdfw1
Surri1 Ghqrwh e|  gW
￿ wkh vwhdg| vwdwh ydoxh ri wkh fdslwdo0nqrzohgjh udwlr
ehiruh wkh sdudphwhu fkdqjh dqg  gW
2 wkh vwhdg| vwdwh ydoxh diwhu wkh sdudp0
hwhu fkdqjh1 Sursrvlwlrq 4 lpsolhv wkdw  gW
2 	  gW
￿1O h w g feh wkh lqlwldo
ydoxh ri wkh fdslwdo0nqrzohgjh udwlr1 Zh nqrz iurp Ohppd 9 wkdw &W  &f
lv dq lqfuhdvlqj ixqfwlrq ri  gW   gf1 Wkh idfw wkdw &W lv xqfkdqjhg zkhuhdv
 gW
2   gf 	  gW
￿   gf lpsolhv wkdw &f
2 :& f
￿/ l1h1 wkh ydoxh ri wkh fdslwdo lqwhq0
vlw| lpphgldwho| diwhu wkh sdudphwhu fkdqjh/ &f
2/ lv odujhu wkdq wkh fdslwdo
lqwhqvlw| mxvw ehiruh wkh sdudphwhu fkdqjh/ &f
￿1
Ohppd ; Sduw +l, ri Sursrvlwlrq 5= Rq lpsdfw d uhgxfwlrq lq 0 ru ulvh lq
V uhgxfhv hpsor|phqw/ u/ dqg frqvxpswlrq/ / zkhuhdv wkh fdslwdo vwrfn/ g/
lv xqfkdqjhg1
Surri1 g lv wkh vwdwh yduldeoh dqg lv wkhuhiruh xqfkdqjhg1 & ' g
~u lqfuhdvhv
rq lpsdfw dffruglqj wr Ohppd : zklfk lv rqo| srvvleoh li u ghfuhdvhv dv ~
lv dovr d vwdwh yduldeoh1 Ohppd 4 lpsolhv wkdw  ' *g ghfuhdvhv zkhq &
lqfuhdvhv1 Wklv lv rqo| srvvleoh li  ghfuhdvhv dv g lv wkh vwdwh yduldeoh1
Ohppd < Sduw +ll, ri Sursrvlwlrq 5= D uhgxfwlrq lq 0 ru ulvh lq V uhgxfhv
suhvhqw dqg ixwxuh jurzwk udwhv ri frqvxpswlrq/ 	 / dqg fdslwdo/ 	 g/ zkhuhdv
wkh jurzwk udwhv ri hpsor|phqw/ 	 u/ lqfuhdvh1
Surri1 Ohppd 6/ 7/ dqg 8 lpso| wkdw 	  dqg 	 g lv d ghfuhdvlqj ixqfwlrq ri
& zkhuhdv 	 u lv dq lqfuhdvlqj ixqfwlrq ri &1 Lw iroorzv iurp Ohppd : wkdw &
lqfuhdvhv rq lpsdfw lpso|lqj wkdw 	  dqg 	 g ghfuhdvh zkhuhdv 	 u lqfuhdvhv1
Wklv dovr dssolhv wr ixwxuh ydoxhv ri 	 / 	 g/d q g	 udv ixwxuh ydoxhv ri & lqfuhdvh
ehfdxvh +46, lv lqghshqghqw ri 0 dqg V1
Ohppd 43 Sduw +lll, ri Sursrvlwlrq 5= D uhgxfwlrq lq 0 ru ulvh lq V uhgxfhv
suhvhqw dqg ixwxuh ohyhov ri wkh uhdo lqwhuhvw udwh/ -/ dqg lqfuhdvhv suhvhqw
dqg ixwxuh ohyhov ri wkh uhdo zdjh/ `1
58Surri1 Htxdwlrq +;, dqg +<, |lhog
` ' Dk&
￿3D~c- 'E D k&
3Dc
vkrzlqj wkdw ` lv dq lqfuhdvlqj ixqfwlrq ri & zkhuhdv - lv d ghfuhdvlqj
ixqfwlrq ri &1 L wi r o o r z vi u r pO h p p d5d q gO h p p d:w k d ws u h v h q wd q g
ixwxuh ydoxhv ri & lqfuhdvh hvwdeolvklqj wkh uhvxow1
D1: Xqlrql}dwlrq lq Iljxuh 4 xvlqj wkh g|qdplf prgho
Rq wkh edodqfhg jurzwk sdwk wkh uhdo zdjh jurzv zlwk wkh h{rjhqrxv udwh }
gxh wr oderxu dxjphqwlqj whfkqrorjlfdo surjuhvv1 Wkhuhiruh/ zh zloo orrn dw
wkh uhdo zdjh shu hhfwlyh xqlwv ri oderxu lqsxw=   `*~1W k h7 fxuyh










zklfk lv d grzqzdugv vorslqj fxuyh iru jlyhq ydoxhv ri wkh vwdwh yduldeohv g






6￿n￿ E  *#  V
c +57,
zklfk lv dq xszdug vorslqj fxuyh iru d jlyhq ydoxh ri S1S r l q wDlq Iljxuh
4 fruuhvsrqgv wr wkh lqwhuvhfwlrq ehwzhhq wkh wzr fxuyhv dw wkh vwhdg| vwdwh
E&WcS W zkhq # $4 1S r l q w F fruuhvsrqgv wr wkh lqwhuvhfwlrq ehwzhhq
wzr qhz vhw ri fxuyhv dw wkh vdph vwhdg| vwdwh E&WcS W diwhu xqlrql}dwlrq>
l1h1/ zkhq # wdnhv vrph qlwh ydoxh1 Wkh lpsdfw hhfw ri xqlrql}dwlrq lv d
pryhphqw iurp D wr I fruuhvsrqglqj wr wkh qhz `7 2 fxuyh= Wkh 7 fxuyh
lv xqfkdqjhg dffruglqj wr +56, zkhuhdv wkh zdjh fxuyh pryhv erwk ehfdxvh
ri wkh uhgxfwlrq lq # dqg wkh lqfuhdvh lq S1 Iurp Sursrvlwlrq 5/ zh nqrz
wkdw lw kdv wr pryh vx!flhqwo| wr wkh ohiw ri wkh `7 fxuyh lq rughu wr jhw
dq lqwhuvhfwlrq wr wkh ohiw ri srlqw F1 Diwhu wkh lpsdfw hhfw wr srlqw I/ &
dqg S ghfolqh ryhu wlph zklfk pryhv wkh 7 fxuyh wr wkh ohiw dqg wkh `7
f x u y hw rw k hu l j k wr y h uw l p hv x f kw k d ww k hl q w h u v h f w l r qe h w z h h qw k hf x u y h v
frqyhujhv wrzdugv wkh qdo vwhdg| vwdwh F1
59